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The complex points of an algebraic curve of degree n in a complex projective plane form a 2-dimensional complex C (manifold but for the singular points) in a 4-dimensional manifold P. The generators of the fundamental group of P -C have been determined by Picard * and Lefschetz t as n loops in one of the lines of P round the n branches of C. The relations have been determined implicitly by Enriques.T Zariski ? pointed out that Enriques' results imply that a set of relations for these generators can be found on determining their transforms when the line containing them is moved round all singularities of the curve and round all the tangents from the origin to the curve. As the resulting proof seemed too algebraic for this simple and nearly purely topological question, Dr. Zariski asked me to publish a topological proof which is contained in this paper.? The method consists in cutting P so that it becomes a simpler space of which the group is readily found and then considering what happens to the group if the cuts are removed.
1. We introduce a kind of coordinate system in P by means of a point A not on C and a line a (= 2-dimensional manifold) not containing A. Among the lines through A there are only a finite number m having less than n points in common with C. They are the lines through singular points of C or tangent to C and determine m, points A1, * , A.m in a. We may suppose that Al, * * *, Am are not on the curve C. The set of lines through a point B of a, excluding the line AB can be transformed topologically into an open interval of an x, y plane. Any point of P not on the line AB can now be determined * Theorie des fonctions algebriques de deux variables, I, p. 86. t L'analyse situs et la geometrie algebrique, p. 33. $ " iSulla costruzione delle funzioni algebriche possedenti una data curva di diramazione," Annali di matematica, Series 4, Vol. 1 (1923), pp. 185-198. ? " On the problem of existence of algebraic functions of two variables possessing a given branch curve," American Journal of Mathematics, Vol. 51 (1929), pp. 305-328. T Enriques proved that if we take n substitutions Hki,. . , En on p, objects, satisfying the relations (3) and (4), then there exists an algebraic function of degree p on the plane P having C as branch curve and whose branches permute according to the substitutions S1 .
* , Sn. The topological consequences, that can be drawn from this are, as Dr. Zariski pointed out to me, independent of the actual construction of the function: the construction of the Riemann manifold of the function is sufficient and quite easy. However this would only prove that (3) and (4) form all relations for the fundamental group of P -C if the substitutions could be constructed so as to satisfy (3) and (4) and not any given relation group-theoretically independent of (3) and (4). EGBERT R. VAN KAMiPEN. by its co6rdinates x, y and two more coordinates determining its projection from A on a.
We join the point B to A1, Am by means of m simple arcs a,, a, having only B in common. A point set formed by the line , cut open along the arcs at, including both edges of the cuts but not including the points Ai and B, is called T. We transform T topologically into a closed interval of a t, u plane from which 2m boundary points (corresponding to the points Ai and the point B counted mn times) have been removed. To the points of a point set R, consisting of all points, except A, in the lines joining A to the points of T,* we have now assigned 4 coo6rdinates x, y, t, ua, thus transforming R topologically into the interior and part of the boundary of an interval in the 4-space of those coordinates. Because T is simply connected and does not contain the projection of any branch point of C, this curve appears in R as a set of n 2-dimensional manifolds no two of which have a point in common and each having one point corresponding to any one point of T.
We can now prove that the point set S = R -C and any subset of S, corresponding to an arc or a point in T has as its fundamental group the free group generated by n loops, round the n points of C, in any one of the lines through A contained in the set.
For the subset (line through A) corresponding to a point of T, that is for an open interval in the x, y plane, of which n points have been taken away, this is well known. Restricting ourselves to S itself, we have to prove that any closed curve in S can be deformed into a subset of a line, t, ua constant, and that a 2-cell, whose boundary is already in that line, can itself be deformed into that line, both deformations leaving the origin 0 of the fundamental group fixed. We prove that any closed set F in S can be deformed into the line by alternating the following two steps:
a) The x and y coordinates are unchanged. An interval in the t, u plane, containing all points of F in its interior or on its boundary, is contracted homothetically, thus defining the change in the co6rdinates t and u of any point of F. This process has to be stopped just before any point of F would reach a position on C.
b) The t and ua co,6rdinates are unchanged. In every line t, u constant, we construct (according to the metric in the t, ua, x, y interval) circles, all of the same radius S, smaller than the minimum distance from points of C to points of F, and these circles are enlarged continuously and at the same speed.
* The points of p on lines, through A and points of a,, have of course been assigned two points in R, because the points of a, have been assigned two points in T.
Any point of F is carried along on the boundary of the circle that may touch it during this process. The process ends as soon as two circles touch each other, or when a circle comes within a preassigned distance of the boundary of its x, y interval, or when a circle reaches 0.
At the end of each step b), after step a) has been made at least once, F is transformed into a subset of a definite compact subset of T each point of which could be moved according to step a) over a certain distance with a positive minimum. Thus there exist a positive number E, such that each time step a) is executed, the length of the moving interval can be shortened by at least e or to zero. It follows that the two steps applied alternately will finally deform F into the line, t, u constant containing 0.
Another way of constructing this fundamental group would start by proving that S is homeomorphic with the product of T and the subset of S corresponding to one point of T.
2.* We will now construct the fundamental group of the space S1 consisting of all points of P -C -A in lines through A and points of T1. He-re T, consists of the line a., cut open along the arcs a2, * * *, a,. including both edges of each cut, but not including A1, * * * A. or B. Starting from S we can construct S1 by identifying the two homeomorphic subsets U and V of S the result being the set W of S1 all three corresponding to the arc a1.
We take as (free) generators of the fundamental group of S n loops gi, * * * n!gn in a line contained in U, through the point 0 in that line and in a.
In S1 we find as an additional generator a small loop h round the line AA1 in a and as relations (1) g =hcpl (gi, *** ) (ig ** n), expressing the transformation which the elemeilt gi undergoes, when its containing line is moved round AA1 along h. We shall prove that we have found all necessary generators and relations for S1.
LEM1MA.
A conrtinuous transfor'mation of a complex into S1 can be deformed and the complex subdivided in such a way, that every cell of the subdivision can be considered as transformed first into S and then into S1 by meanl,s of the inrdenti/icatton of U and V.
Proof. As the deformation will not involve W itself we can construct it on S and we can suppose that U has for its projection on the t, u plane the edge u = u0 of the interval. As the complex is a closed point set we can find a number 2e such that for any point x1, yi, t1, u1 of the complex for which I l u-uO I < 2e, the segment x x1, y y1, t =t1, I u j? I < 2e is * The paper printed immediately after this one contains a treatment of the method used in this section from a more general standpoint. completely contained in S. We move all points x, y, t, u of the complex for which J 4u -1< E into the edge u == u0 and those for which e f I u-uo ? 2E a distance 2E -j u -u| along these segments, thus defining our deformiation. The two closed subsets of the complex transformed originally into W and into points situated at a distance E from W on the U side can be separated on the complex by means of a subdivision of the complex into cells of sufficiently small diameter. This subdivision satisfies our condition, because on the complex in the new position any are passing through W from a point on one side of W to a point on the other side has to contain points of both closed subsets and accordingly at least one point of the subdivision; thus the lemma is proved.
After applying the lemma to an arbitrary element of the fundamental group of S, we join each vertex of the subdivision to 0 by means of an are, that is not allowed to leave W after once entering it, and cam-now write the element as a product of elements that can be considered as lying in S. These last can be written as f(gi), f(gi)h, h'If(gi), h-'f(gi)h according as to whether they run in S from U to U, from U to V, from V to U, from V to V, so that the original element can be expressed in terms of the gi and h.
Each relation between the generators of S, can be represented by a 2-cell to which we can suppose that the lemma has already been applied. The cell can be so changed that the boundary of each cell of the subdivision becomes an element of the fundamental group, expressed in terms of the generators. To prove this we join each vertex of the subdivision that is not already transformed in 0 to 0 by an are that is not allowed to leave W after once entering it and replace the vertex plus a small neighborhood by a 2-cell, subdivided in the same way as the neighborhood, of which the center is transformed into 0 and a strip near the boundary into the original position of the neighborhood, while the rest is distributed along the are: Each vertex is now transformed into 0 and each 1-cell is now transformed into an element of the fundamental group of S1. This elemenlt can be considered as lying in S because after the preceding construction the 2-cells of the subdivision can still be considered as transformed into S. Hence it can be expressed in terms of the generators by a deformation in S.
We define a new transformation for a 2-cell. Its boundary and part of its interior is transformed like the boundary of the old 2-cell and its interior cut open along the 1-cell. The rest is a smaller 2-cell, which we cut in half by an arc joining the points which are transformed into the endpoints of the 1-cell. Both halves are now transformed into the 2-cell which is described by the 1-cell during its deformation in such a way that the transformation of the whole is continuous. Is this done for every 1-cell of the subdivision then the boundary of each 2-cell of the subdivision is an element of the fundamental group expressed in the generators, so that the original relation can be compounded out of other relations each being represented by a 2-cell of S1, that can be considered at the same time as a 2-cell of S.* The sum of the exponents with which h appears in each of these relations must be zero because the boundary has to finish in U(V) if it starts there. It follows that the element h can be eliminated by means of the relation (1) without disturbing the special property of the representation of the 2-cell because the relations (1) can be represented in S. The remaining relation between the generators gi alone is valid in S and thus identically satisfied. It follows that our original relation was a consequence of the relations (1) alone.
3. R1 is defined as S1 plus the points of P -C -A in the line AA1. In R1 h is equal to the identity, so that (1) becomes:
(2) gi =-i(gi, * * *, gn). No new generator is needed in R1. In fact the projection.of any element of the fundamental group on a can be so deformed by an arbitrarily small deformation as not to contain A1. But if the deformation is sufficiently small we can move the points of the arc itself along corresponding paths for instance in lines through B, transforming the element into an element of S1, that can be expressed in terms of the gi and h.
The only new relations are h = 1 and its consequences. In fact any new relation can be expressed by means of a 2-cell some of whose points are transformed into points of the lin-e AA1. We may suppose that an arbitrarily small neighborhood of all those points is formed by a subcomplex L of a subdivision of the cell, of which the boundary consists of a number of closed curves of which the transforms in R1 all have a point B1 in common and are as near to AA1 as we please but do not contain any of its points. For every point X we construct a corresponding point Xi. in the same line through B but with its projection on a in B1. For each point Y of the boundary of L we construct an arc that does not touch AA,, is contained in a line through B, starts at Y, finishes at the corresponding point Y1, that was just constructed, and finally, changes continuously, when we move the point Y along a component of the boundary, from being degenerated into a point at B1, where we start, to being a loop round A1, counted a certain number of times, when we come back to B1. The arcs corresponding to one component of the boundary from a 2-cell, of which the boundary is: the component of the boundary, the corresponding set of points Y1 and the loop round A1, counted a certain number of times. If we take the neighborhood away from the 2-cell and replace it by the sum of those 2-cells plus the set of points X1 and identify * Compare Lemma 2 of the paper in this Journal: " On some lemmas in the theory of groups." boundary points of those sets, we get a 2-cell with the same boundary as the old 2-cell, but from which a number of interior 2-cells have been removed, the boundary of each interior 2-cell being transformed into a loop round A1 in a counted a certain number of times. By cutting the 2-cell open along arcs from the origin of the fundamental group to a point of each of those loops we change our relation into another relation, already valid in S1, and equivalent to the original relation, because the insertion of those loops round A] in a in the boundary of the 2-cell means the insertion of transforms of certain powers of h in the original relation and h = 1 in R1.
4. The process of the last two sections can be repeated for all points Ai giving rise to a total of m, sets of Telations of the form (2): (3) gi =--gl * ,i) (91 ., . ., ,)n; j 1 *,) for the point set formed by all points of P -C except those in the line AB.
But then we can repeat the reasoning of section 3, proving that for P -C the only extra relation must' express the fact, that a small loop round the line AB is equal to the identity. We find (4) g1g2
. . . gn .
To formulate our result in the easiest way we take the origin of the fundamental group in A.
To determine the fundamental group of a projective plane P minus an algebraic curve C, take a point A not on C and a line a not containing A. Determine in, a m points Ai by means of the lines through A and tangent to C or through singular points of C. Take in a line through A, buqt not through any of the Ai, n loops gi from, A round the n points of C inr that line, capabte of generating the group' of P -C.
The relations between, those eleiments are (3) and (4). The functions ,ij (giy , gn) represent the element into which gi is transformed, when its containing line is moved, so that its intersection with a describes a loop round A1. The m loops in a must be capable of generating the fundamental group' of a -YAi.
This last condition is necessary because in section 2 when we move the origin of the fundamental group into the arc ai we have to do that along a path already contained in our space at that stage of construction.
It ought to be remarked that the line AB can be taken to be one of the lines AA,. From our reasoning it follows then that one of the m sets of relations (3) is a consequence of all the others. Considering the space just before the line AB was added we find that in computing the fundamental group of a curve, degenerating into another curve and a line it is unnecessary to take in account the relations resulting from the intersection of the line with the rest of the curve.
THE JOHNS HOPKINS UNIVERSITY.
ON THE CONNECTION BETWEEN THE FUNDAMENTAL
GROUPS OF SOME RELATED SPACES.
By EGBERT R. VAN KAMPEN. Since the preceding paper contains the treatment of an example, not of a general theorem, its topological background does not appear very clearly. In this paper we treat the general theorem which underlies the contents of section 2 of the preceding paper. Other applications of this general theorem are to be found in the literature, for instance in a paper by K. Brauner,* but on the other hand the opportunity of simplifying the treatment of a fundamental group by means of this theorem has been overlooked several times, for instance in the same paper by Brauner and in a paper by W. Burau.t For this reason we did not think it superfluous to devote a separate paper to it.
The object of our theorem is to find the fundamental group of the space that results when certain homeomorphic subsets of a given space are identified. The first section gives the definition of that process of identification; the second section contains a lemma on the deformation of complexes; and the third section contains certain conditions and a lemma helping us over the point set-theoretic difficulties of the problem, while in the fourth section the fundamental group is constructed. In the fifth section we give the two special cases that will be most often useful. In the last, the path is shown to a more general theorem, of which however the general formulation would be more confusing than helpful, so that it is suppressed. On the other hand A -C-YB, + B is uniquely determined, if the sets C and Bi with the properties (g) and (h) are given and the properties (a) and (e) are required provided a condition is given to determine which (completely divergent) sequences of C -X. Bi correspond to sequences in A -B convergent to a point of B. If a metric of C is given, such that the distances of the pairs of points in the sets Bt, corresponding to any pair of points in B, have a positive lower limit, and that the distances of the pairs of sets Bi have a positive lower limit, this can be done by the following condition: (i) A sequence of points in A -B converges to a point x of B, provided that the distance between a point of the corresponding sequence in C-X. Bi and the nearest point xi, corresponding to x, converges to zero.
Remarks. C is uniqnely determined only if the actnal subdivision of U -B into the MI is given. A is uniquely determined only if the actual homeomorphisms between the sets B, and B are given.
A metric for C as used for the formulation of condition (i) can always be constructed. If the number of sets B, is finite, condition (i) can be formulated independent of the metric of C. If the number of sets B, is infinite it is not possible to define A in a topologically invariant way, at least not if A must be regular. But a metric of A (which involves the regularity of A) is used essentially in the proof of Lemma 2.
The first process might be called: " Cutting A along B," and the second "Identifying the subsets B, of C." From section 3 on we will suppose that sets A, B, C, B,, M,, N, are given satisfying the conditions introduced above. 2. LE MM A 1. A given deformation of a subcomplex L of a singular complex K * can be extended to a deformation of K itself, leaving every point of K invariant that belongs to a simplex, which together with its boundary is contained in K -L. K can be an inftnite comple.x,t if L contains all but a finite number of the simplexes of K.
Proof. By the given deformation of L and our condition on the simplexes not touching L the deformation is defined for all vertices of K, so that an induction proof of the lemma can be completed by defining the deformation for the interior of any simplex S, provided it has already been defined on its boundary T. The simplex S plus the complex described by T during its deformation can be transformned topologically into a simplex R in such a way that S is transformed into a simplex R, homothetic with R and in its initerior. The homothetic deformation of R. into R gives the extension of the deformation to S.
3. To provide a connection between the fundamental groups of A, B, and C we need the following restrictions:
(1) In any neighborhood V of a point of Bi in Ni there is contained another neighborhood V', such that any singular 0, 1, 2 sphere in V' is the boundary of a singular 1, 2, 3 cell in V. If the number of sets Bi is infinite it must be possible to take V' as the set in Ni corresponding to the intersection of Mi + B and a certain open set in A if V is taken to be the set in N. corresponding to the intersection of Mi + B and a given open set in A.
(2) In any neighborhood W of a point of B in B there exists another neighborhood WI, such that any singular 0, 1 sphere in W' is the boundary of a singular 1, 2 sphere in W.
LEm1MA 2. Any complex K whose dimension is at most twlo, and that is transformed continuously into A, can be deformed anid subdivided in such a way, that the new transformation of each simplex of the s tbdivision into A can be written as the product of a transformation of that simplex into C and the transformation T of C into B defined in (f). We write for brevity: that each simplex of the subdivisioit has property T.
* A complex transformed into a certain space by a univalued continuous transformation. t S. Lefschetz, Topology, Ch. VII.
Proof. We suppose, that K is subdivided already in such a way, that any simplex of K touching B is completely contained in U. We transform the part of K common to the sum of all those simplexes and Mi + B into Ni, calling the closed point set corresponding to the points of K in B: Li, and the rest of the corresponding point set in Ni, after subdividing it into an infinite complex: Ki. The lemma follows if we succeed in constructing a deformation of the sum of all but a finite number of the simplexes of all complexes Ki, into Bi such that any sequence of points of Ki, converging to a point of Li, continues to converge to that point during the process of deformation. In fact the deformations in the different N, correspond to deformations in M, + B leaving the points of K in B fixed, so that they can be combined into one deformation; according to Lemma 1 this deformation can be extended to a deformation of K itself and after this deformation any simplex of K, that has a point in common with B but is not contained in B, is contained in one of the sets Mi + B. From this the lemma follows.
The deformation of Ki can be constructed, following an example of S. Lefschetz,* by means of the metric of Ni induced by a metric of A and a short induction construction of which we only give the last step. In other words, we assume that the deformation has been constructed for the sum of all 1-simplexes of Ki, except a finite number of them. Because of the condition on convergent sequences, the compactness of Li + Ki, and conditions (1) and (2) there exists a positive number E, a function of the positive number 8, such that for any 2-simplex of Ki, of which the diameter is smaller than E, there exists a 3-cell of diameter less than 8, whose boundary consists of: the 2-simplex of Ki, the complex described by its boundary simplexes during their deformation and another 2-simplex contained in B. Because of the second part of (1) we can take e to be the same function of 8 for all Ki even if their number is not finite. There is at most a finite number of simplexes in all the complexes Ki together, of which the diameter is more than any positive number E. We take a sequence of numbers Si, converging to zero, and take as deformation-cell of any 2-simplex of Li, of which the diameter A satisfies: Ei+--? < Ei a 3-cell of diameter less than Si. It is clear that the deformation determined by all those deformation-cells satisfies our condition.
4. For the fundamental group of any space P we write: J (P). In order to determine the fundamental group of A by means of properties of B and C we will assume the following conditions:
(3) B is arewise connected; * Topology, p. 93. (4) C is the sum of a finite or countable number of arcwise connected components, each containing at least one set B,.
From (4) it follows immediately, that A is arcwise connected.
We call the components of C: Ct, I = 1, 2,
; and one of the sets Be contained in Cl we call B , the others if they exist are called Bej, j = 1, 2, * .
As origin for @ (A) we take a point 0 in B; the corresponding point in Bt is called O, and is taken as origin of W(Ct); the corresponding points in Bij are called Oij. Aln arbitrary but fixed arc in Cl from Oz to OIj is called hij. In A there is an element glj of @(A) corresponding to each arc hij.
THEORBEBI 1. As a complete set of generators of @(A) we can take: (5) A complete set of generators a,a, , 1, 2, for each Ct; (6) All elements gaj.
Proof. We apply Lemma 2 to an arbitrary element g of @ (A). Each vertex of the subdivision can be deformed into the point 0 by a deformation of which the rest takes place entirely in B immediately after the vertex enters B for the first time. According to Lemma 1, this deformation can be extended to a deformation of the whole element g after which g can be written as a product of other elements, each having property T. If the transform of each factor in C, is a curve from O a to Oij, it can be written in the form glcl%(ala)gliz which proves the theorem.
To a set of generators bp, I = 1, 2, of @ (B) there corresponds a set of generators bli of WA(B) that can be expressed in terms of the ala:
b=-i-6 (ala) and a set of generators bzj,0 of W(B1j). The elements of W(Cl), which may be written symbolically as hiibzlj6hzy-1 can also be expressed in terms of the ala:
hljb,j,6hlj-= cI tjfi(ala). (9) 01, (aia) = t,0 (ala) = gkjyOkjfl (aka) gkj; these last express the fact that the generators of B, (expressed in terms of ala and gzj) are all equal in A.
Proof. A relation between the generators of @(A) can be represented by a singular 2-cell in A, of which the boundary is the set of generators, whose product is equal to the identity. On this 2-cell we apply Lemma 2. Each element of the boundary describes, during the deformation of Lemma 2, a 2-cell with property T. The deformed 2-cell plus all the 2-cells corresponding to the elements of its boundary can be joined together to form a new 2-cell P, 8
with the same boundary as the original one, but with a subdivision, each cell of which has property T and which does not subdivide the elements of the boundary. Applying the method of proof of the preceding theorem we can give a deformation in B of the sum of all 1-cells of P contained in B, and then a deformation of the sum of all other 1-cells such that after the deformation each 1-cell originally contained in B is expressed in terms of the generators of X (B), while all other 1-cells are expressed in terms of the generators of J (A). Applying Lemma 1 we shall see that when this deformation has been extended to P itself, each cell of the subdivision still has property T, while the boundary of each cell is now an expression in the generators of M (B) and 3 (A). It follows that each relation between those generators is a consequence of other relations, each of which can be represented by a 2-cell with property T.* Suppose that such a 2-cell Q with property T, can be transformed into Cl by a transformation S. If at least one generator gij occurs in the relation, then some vertex of Q is transformed by S into 0i and we can start reading our relation at that vertex.t If glj is the first element of this type that occurs then the succeeding elements in the relation are generators of B, transformed by S into B1j till finally we find the element glj-1. As a result of (9) we can consider the elements transformed into B1j as being of the form g'j-1c,j,6(a1a)g1j, so that without any deformation, the elements gij and grjcan be eliminated.
If the relation does not contain any element glj, or after all elements gzj have been eliminated by the above process, each vertex Qf Q is transformed by S into the same point of Cl. If this point is 0l, the relation is a relation in Cl between the generators of its fundamental group, and thus a consequence of (8); if this point is Otj, all elements of the relation can be written in the form gzjy1cjjfl(ala)gtj and thus the relation is a relation valid in Cl, but transformed by glj and thus again it is a consequence of (8). This proves our theorem.
5. The meaning of the two preceding theorems will be clearer after the formulation of the following two special cases. The first of these was used in the preceding paper, the other could have been used instead if the proof had been slightly altered. COROLLARY 1. We suppose that the number of sets B is two, and that C is arcwise connected. A set of generators for @ (C) is formed by the elements c * Compare the lemmas in the succeeding paper.aa with Vf.6 (a) -1 as relations. A set of generators of i (B) is by, while bi,y (i, 1, 2) are the corresponding elements in B,; hi is an, arc in C from the origin of i (C) to the origin of i (B,). The elements hibi7hi-' of i (C) can be expressed in terms of the aa:
hb,^yhj-1~ piy(aa).
As generators for @(A) we can take the elements aa and atother element g, and as relations:
AppJ(aa) 1, giy7(aa) 02y(aa)g. COROLLARY 2. The number of sets B, is two, and C is the sum of two arcwise connected components: Cl, containing B1, and C2, containing B2. A set of generators for i (Ci) (i = 1, 2) is formed by the elements aja, a set of relations by Ii,p(a,<) 1. The elements biy corresponding in B, to a set of generators by of i (B) can be expressed ia terms of the ai,,. (If necessary after their beginnings and ends have been joined by the same arc to the origin of iJ(C,,)): bv,=i 7y,,y(ai,).
As generators for i3(A) we can take the elements al, and a2<, and as relations: +1# (ala) 2,6 (a2,a) 4+1,y (a,.) -IP2-(a2a) a 6. By a repeated application of the preceding construction * the fundamental group of A can be found in the case where conditions (3) and (4) are replaced by the following:
B is the sum of a finite number of arcwise connected components, C is the sum of a finite or countable number of arcwise connected components, each containing at least one of the sets corresponding to components of B.
A is arcwise connected. However the theorem can still be generalized, if the number of components of B is countable, provided that every sum of components of B is closed in B.* For any element of the fundamental group of A or any 2-cell, representing a relation between these elements, is a compact set in A, so that it can only meet a finite number of components of B. It follows that each element and each relation of (M(A) has been taken in account after the process of identification has been performed a finite number of times.
TiE JoHNs HOPKINS UNIVERSITY.
* We do not describe this process, as the resulting theorems are too complicated to be of much use, and the process can be readily set up for any special example.
